LOWER ESTIMATES ON MICROSTATES FREE ENTROPY DIMENSION. 



DIMITRI SHLYAKHTENKO 



Abstract. By proving that certain free stochastic differential equations with analytic coefficients have 
stationary solutions, we give a lower estimate on the microstates free entropy dimension of certain n-tuples 
Xi, . . . , X„. In particular, we show that 5o(^i, . . • , X„) > dimj^f^j^o V where M = W*{Xi, . . . , X„) and 
V = {{d{Xi), . . . , d{Xn)) : d £ C} is the set of values of derivations A = C[Xi, . . . X„] ^ A with 
the property that d'diA) C A. We show that for q sufficiently small (depending on n) and Xi, . . . ,X„ a 
g-semicircular family, 5o{Xi, . . . > f. In particular, for small q, g-deformed free group factors have no 

Cartan subalgebras. An essential tool in our analysis is a free analog of an inequality between Wasserstein 
distance and Fisher information introduced by Otto and Villani (and also studied in the free case by Biane 
and Voiculescu). 



1. Introduction. 

We present in this paper a general technique for proving lower estimates for Voiculescu's microstates free 
entropy dimension 6q. The free entropy dimension So was introduced in [SUES] and is a number associated 
to an n-tuple of self-adjoint elements Xi, . . . , Xn in a tracial von Neumann algebra. This quantity was used 
by Voiculescu and others (see e.g [26t [9l [TOl [24l [12]) to prove a number of very important results in von 
Neumann algebras. These results often take the form: if So{Xi, . . . ,X„) > 1, then M = W*{Xi, . . . ,X„) 
cannot have certain decomposition properties (e.g., is non-F, has no Cartan subalgebras, is not a non-trivial 
tensor product and so on). For this reason, it is important to know if some given von Neumann algebra has 
a set of generators with the property that i^o > 1- We prove that this is the case (for small values of q) for 
the "g-deformed free group factors" of Bozejko and Speicher [4]: 

Theorem 1. For a fixed N, and all \q\ < {AN^ + 2)^^, the q-semicircular family Xi, . . . , Xn satisfies 
6aiXi,...,XN) > 1 and6a{Xu...,XN)>N{l~q^N{l~q^N)-^). 



The theorem applies for \q\ < 0.029 if = 2. Combined with the available results on free entropy 
dimension, we obtain that in this range of values of q, the algebras Fq(M^) = W*{Xi, . . . ,Xn) have no 
Cartan subalgebras (or, more generally, that Fq(R^), when viewed as a bimodule over any of its abelian 
subalgebras, contain a coarse sub-bimodule). One also gets that these algebras are prime (although this was 
already proved using Ozawa's techniques from ^7] elsewhere [21]). 

The free entropy dimension So is closely related to Betti numbers (see [6l[T5]), more precisely, with 
Murray-von Neumann dimensions of spaces of certain derivations. For example, the non-microstates free 
entropy dimension 6* (which is the non-microstates "relative" of 6o) is in many cases equal to Betti 
numbers of the underlying (non-closed) algebra [15, 22j. It is known that Sq < S* and thus it is important 
to find lower estimates for 6o in terms of dimensions of spaces of derivations. To this end we prove: 

Theorem 2. Let {A,t) be a finitely-generated algebra with a positive trace r and generators Xi,. .. ,Xn, 
and let Derc(A; A) denote the space of derivations from A to A(^ A which are closable and so that 
d*d{Xj) G A. Consider the A,A-bimodule 

V = {(5(Xi), . . . , 6{Xn)) : 5 e Der,(A; A® A)} d {A® A)^ . 

Assume finally that M — W*{A, t) can be embedded into the ultrapower of the hyperfinite IIi factor. Then 

do (A 1 , . . . , A„) > dimM(2iM° V 

We actually prove Theorem [2] under a less restrictive assumption: we require that 5{Xj) and 5*5{Xj) be 
"analytic" as functions oi Xi, . . . ,Xn; more precisely, there should exist non-commutative power series Sj 
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and with sufficiently large multi-radii of convergence so that S{Xj) = Ej{Xi, . . . ,Xjv) and S*S{Xj) = 
^j{Xi, . . . jXat); see Theorem |4] below for a precise statement. 

This theorem is a rich source of lower estimates for Sq. For example, ii T £ A, then S : X i-^ [X, T] = 
XT ~ TX is a derivation in Dcrc(A; A® A). If W*{A) is diffuse, then the map 

L'iA ®A)3T^ ([T, Xi],..., [T, Xn]) ^ L^{A (g, Af 

is injective and thus the dimension over M®M° of its image is the same as the dimension of L'^{A®A), i.e., 1. 
Hence dim^gM" V >\ and so 5q{Xi, . . . ,X„) > 1 if is i?" embeddable ("hyperfinite monotonicity" 

of [13]). 

If the two tuples Xi, . . . , Xm and Xm+i, ■ ■ ■ Xm are freely independent and each generates a diffuse von 
Neumann algebra, then for T £ A ® A the derivation 5 defined by 5{Xj) = [Xj^T] for 1 < j < m and 
5{Xj) = for m + 1 < j < N \& also in Derc(^). Then one easily gets that d\mM^M° V > 1 (indeed, V 
contains vectors of the form ([T, Xi], . . . , [T, X^], 0, . . . , 0), T e L'^{A®A), and so its closure is strictly larger 
than the closure of the set of all vectors ([T, Xi], . . . , [T, Xjv]), T e L'^{A ® A)). Thus 5o{Xi, Xn) > 1 if 
W*{A) is R"^ embeddable. 

If Xi,...,Xjv are such that their conjugate variables (see [27]) are polynomials, then the difference 
quotient derivations are in Deic and thus V = (Ai^ , and so Sq = N (if W^*(A) is embeddable). 
In the case that Xi, . . . , X^ are generators of the group algebra CF of a discrete group F, 6* (Xi, . . . , Xn) — 

('2'] f2) fSl 

Pl '{T) — /?Q -^(F) + 1, where are the Betti numbers of F (see [14J for a definition). It is therefore 
natural to ask whether the same holds true for Sq instead of S* for some class of groups. If this is true, then 

(2) 

knowing that P\ (F) ^ implies that Sq > I and thus the group algebra has a variety of properties that we 
explained above (see also [18]). 

(2) (2) 

It is clearly necessary for the equality Sq — (3i — (Sq + 1 that F can be embedded into the ultrapower of 
the hyperfinite IIi factor (because otherwise i5o would be — oo). In particular, one is tempted to conjecture 
that equality holds at least in the case when F is residually finite. 

Theorem [2] implies a result like the one in [5]: 

Theorem 3. Assume that F is embeddable into the unitary group of the ultrapower of the hyperfinite IIi 
factor. Then 

<5o(r) > dim^fp) {c : F ^ CF cocycle}. 

(2) 

In particular, if F belongs to the class of groups containing all groups with /3f = and closed under 
amalgamated free products over finite subgroups, passage to finite index subgroups and finite extensions, then 

5o(F)=/5f'(F)-/3(2)(F) + L 

Let us now describe the main idea of the present paper. Our main result states that if the von Neumann 
algebra M — W* {Xi, . . . , X„) can be embedded into the ultrapower of the hyperfinite IIi factor, then 

(1) So(Xi,..., Xn) > dimM^M- V, 

^2 

where V — {{d{Xi), . . . ,9(X„)) : d £ C} and C is some class of derivations from the algebra of non- 
commutative polynomials C[Xi, . . . , Xn] to L'^ {M)®L'^ {M°) , which will be made precise later. 

The quantity 5q{Xi, . . . ,Xn) is, very roughly, a kind of Minkowski dimension ("relative" to i?") of the 
set V of embeddings of M into i?", the ultrapower of the hyperfinite IIi factor (indeed, the set of such 
embeddings can be identified with the set of images under the embedding of the generators Xi,. . . , Xn, i.e., 
with the set of microstates for Xi, . . . , Xn). On the other hand, dimjvfigM" is a linear dimension (relative to 
M^M°) of a certain vector space. If we could find an interpretation for V as a subspace of a "tangent space" 
to V, then the inequality ([T]) takes the form of the inequality linking the Minkowski dimension of a manifold 
with the linear dimension of its tangent space. One natural proof of such an inequality would involve proving 
that a Hnear homomorphism of the tangent space to a manifold at some point can be exponentiated to a 
local diffeomorphism of a neighborhood of that point. 

Thus an essential step in proving a lower inequality on free entropy dimension is to find an analog of such 
an exponential map. 

This leads to the idea, given a matrix Qij e (L^(M)®L^(M°))" of values of derivations (so that Qij = 
dj{Xi) for some n-tuple of derivation dj belonging to our class C), to try to associate to Q a one-parameter 
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deformation at of a given embedding a = ao of M into . It turns out that there are two (related) ways 
to do this. 

The first approach comes from the idea that we (at least in principle) know how to exponentiate derivations 
from an algebra to itself (the result should be a one-parameter automorphism group of the algebra). We 
thus try to extend d = di (B ■ ■ ■ (B dn to a derivation of a larger algebra A = C[Xi, . . . , X„, Si, ... , Sn], where 
Si, . . . ,Sn are free from Xi, . . . , Xn and form a free semicircular family. The key point is that the closure 

in L^iA) of MSiM H h M5„M is isomorphic to [L^{M) L2(M)]". The inverse of this isomorphism 

takes an n-tuple a = (ai (g) 5i, . . . , an (8) bn) to ^ UjSjbj, which we denote by a^S. We now define a new 
derivation d of A with values in L'^{A) by d{Xj) = d{Xj)^S. To be able to exponentiate d, we need to make 
sure that it is anti-Hermitian as an unbounded operator on L'^{A), which naturally leads to the equation 
d{Sj) = —d*{Cj), where (j — {0, ... ,1 1, ... ,0) (j-th entry nonzero). One can check that if Q is in the 
domain of d* for all j, then 9 is a closable operator which has an anti-Hermitian extension, and so can 
be exponentiated to a one-parameter group of automorphisms at of (A) . Unfortunately, unless we know 
more about the derivation d (such as, for example, assuming that d{A) C A), we cannot prove that at 
takes VK*(^) to Vl^*(y^). However, if this is the case, then we do get a one-parameter family of embeddings 
at\M : M ^ M * L{¥{n)) C . We explain this approach in more detail in the appendix Appendix (|6]). 

The second approach was suggested to us by A. Guionnet, to whom we are indebted for generously 
allowing us to publish it. The idea involves considering the free stochastic differential equation 

(2) dX,{t) = ^Q,j(Xi(t), . . . ,X„(t))#d5, - l^jiXiit), . . .,X„{t)), Xj{0) = Xj, 

i 

where d{Xj) = (Qy, . . . , Q^j) G {L^{M)®L^{M°)Y and ^(^i, ■ • ■ , ^n) = d*d{Xj). One difficulty in even 
phrasing the problem is that it is not quite clear what is meant by Qij and applied to their arguments 
(in the classical case, this would mean a function applied to the random variable X{t)). However, if this 
equation can be formulated and has a stationary solution X{t) (i.e., one for which the law does not depend 
on t), then the map at : Xj ^ Xj{t^) determines a one-parameter family of embeddings of the von Neumann 
algebra M into some other von Neumann algebra Ai (generated by all X{t) : t > 0). This can be carried 
out successfully if Q and ^ are sufficiently nice; this is this is the case, for example, when Xi,. . . ,Xn are 
g-semicircular variables, in which case Q and ^ can be taken to be analytic non-commutative power series. 

Let us assume now that d takes B = C[Xi, . . . ,X„] to B B° and also i9*(l (g) 1) e B (this is the 
case, for example, if Xi, . . . , Xn have polynomial conjugate variables [23) ■ Then both approaches work to 
actually give one a stronger statement: one gets a one-parameter family of embeddings at : M — > i?'^ so 
that ||at(Xj) — {Xj + 1 QijSi)\\2 = 0{t^). Let us assume for the moment that Qij — 5ijl®l, so that our 
estimate reads 

(3) \\at(Xj)^{X,+tS,)h^O{e). 

An estimate of this kind was used as a crucial step by Otto and Villani in their work on the classical 
transportation cost inequality |16[ §4 Lemma 2]; a free version (for n = 1) is the key ingredient in the proof 
of free transportation cost inequality and free Wasserstein distance given by Biane-Voiculescu [3]. Indeed, 
since the law of at{Xj) is the same as Xj, one obtains after working out the error bounds an estimate on 
the non-commutative Wasserstein distance between the laws ^.Xi,...,x„ and /ijs:i-i-t5i,...,x„+ts„ : 

dw(AiXi,...,x„,MXi+tSi,...,x„+tsJ < \hXi, Xnf'h + Oif). 

We now point out that this estimate is of direct relevance to a lower estimate on Sq. Indeed, suppose 
that some n-tuple of fc x fc matrices xi, . . . ,Xn has as its law approximately the law of ATi, . . . , Xn (i.e., 
(xi, . . . , Xn) G ^{Xi, . . . , Xn', k, I, s) in the notation of [25]). Then ^ implies that by approximating at{Xj) 
with polynomials in Xi, . . . , Xn, Si, . . . , Sn, one can find another n-tuple x'l, . . . ,x'n with almost the same 
law as Xi, . . . , Xn, and so that \\x'j — {xj + tsj)\\ < Ct^ (here si, . . . , Sn are some matrices whose law is 
approximately that of 5*1, . . . , S'„, and which are approximately free from xi, . . . , Xn)- But this means that 
if one moves along a line starting at xi, . . . ,Xn in the direction of si, . . . , s„, then the distance to the set 
T{Xi, . . . , Xn', k, I, e) grows quadratically. Thus this line is tangent to the set T{Xi, . . . , Xn', k, I, e). From 
this one can derive estimates relating the packing numbers of r(A'i, . . . , Xn', k,l,e) and T{Xi+tSi, . . . , Xn + 
tSn', k,l,e) which can be converted into a lower estimate on 6o. 
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In conclusion, it is worth pointing out that the main obstacle that we face in trying to extend the estimate 
^ to larger classes of derivations is the question of existence of stationary solutions of ^ for more general 
classes of functions Q and ^ (and not, surprisingly enough, the "usual" difficulties in deahng with sets of 
microstates). 

Acknowledgement. The author is grateful to A. Guionnet for suggesting the idea of using stationary solutions 
to free SDEs as an alternative form of "exponentiating" derivations, and to (patiently) explaining to him 
about stochastic differential equations. The author also thanks D.-V. Voiculescu for a number of comments 
and suggestions. 



2. Existence of stationary solutions. 

2.1. Free SDEs with analytic coefficients. The main result of this section states that a free stochastic 
differential equation of the form 

dXt = E#dSt - ^^tdt 

where Xt is an A^-tuple of random variables has a stationary solution, as long as the coefficients S and ^ are 
analytic (i.e., are non-commutative power series with sufficient radii of convergence). 



2.1.1. Estimates on certain operators appearing in free Ito calculus. Let / be a non-commutative power series 
in N variables. We will denote by Cf{n) the maximal modulus of a coefficient of a monomial of degree n in 
/. Thus if f = J2 fii...i„Xi^ ■ ■ -X^^, then c/(n) = maxi^...i„ |/ji...i„|. We'll also write 

0/(z)=^c/(n)z". 

Then (j)f{^) is a formal power series in z. If p is the radius convergence of we'll say that R — p/N is the 
multi-radius of convergence of /. 
We'll also write 



l/ll 



n>0 



Cf{n)N''p'' e [0,+oo] 



Note that ||/||p — sup|^|<^^ |0/(z)| (since all of the coefficients in the power series (f>f{z) are real and positive). 

We'll denote by J-{R) the collection of all power series / for which the multi-radius of convergence is at 
least R. In other words, we require ||/||p < oo for all p < R. 

Note that !Fn is a complete topological vector space if endowed with the topology T!; — > T iff ||Ti — T||p ^ 
for all p < R. 

Let ^' be a non-commutative power series in N variables having the form 



, fii.. 



Y ■ ■ - Y 



Yji • • • Yji ■ 



We'll call ^' a formal non-commutative power series with values in C(li, . . . , Yat)*^^. We'll write c^{m,n) 



the maximal modulus of a coefficient of a monomial of the form Yi, 



Y, 



■Yi„ in We let 



(j)-i,{z,w) = En,mC^(m,«)^™^"- We'll put 



l*llp = 



sup \(|)^^,{z,w)\ ^ (j)q,{Np,Np) 

\z\,\w\<Np 



n>0 



^ C-q,{k,l) 



_k-\-l—n 



N'"p" e [0,+oo]. 



We'll denote by T'{R) the collection of all non-commutative power series for which |l^'||p < oo for all p < R. 

It will be convenient to use the following notation. Let 4>{zi, . . . , Zn), ipizi, . . . , Zn) be two formal power 
series (in commuting variables). We'll say that (p ^ ip if all coefficients in are real and positive, and for 



each fci, . . . , A:„, the coefficient of Zi^ ■ ■ ■ z^" in p is less than or equal to the corresponding coefficient in ?/;. 

If is a unital Banach algebra, Yi, . . . , Y^ € A4 and \\Yj\\ < p for all j, then ||5(Yi, • . . , Yn)\\ < \\g\\p 
whenever g is in any one of the spaces T{R), or J-'{R) (here the norm ||5(Yi, . . . , 1^)|| denotes the norm on 
Ai or on the projective tensor product A^**^, as appropriate). 

We now collect some facts about power series: 

• Let f,g e T{R). Then 0/g < (pfcpg- In particular, fg e T{R) and ||/5||p < ||/||p||.g||p- 
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Let / = fii...in^ii ' ' ' -^in S •^(^) denote by T>ijf the formal power series 

k<l 

Since a monomial X-i^ ■ ■ ■ Xi^ ® Xj^ ■ ■ ■ Xj^ could arise in the expression for 'Dijf in at most r + 1 
ways, c-Djf{a,b) < {b+ l)c/(a + 6 + 2). Denote by 4>f the power series (j)f{z,uu) = rn,('"'+ + 
m + 2)z'^w". Then (j)T>jf -< 4>f- Since 4>f{z,z) -< (l)'f{z), we conclude that 

\\'Dijf\\p< sup \(j>'}{z)\ 

\z\<Np 

and in particular / G T' {R). 

Let e = E 0ii...i„;ii...j„;fci.../cp^*i • • • X,^®Xj^ ■ ■ ■ Xj^ e :F'{R), and let * = E **i...i„;ji...i„^n • ■ • 
. . . Xj^ e Consider 

^#in® = ^2 '^ti---ta,si,...,si,®ii...i„;ji...jm-^ii ' ' ' ^in -^ti " " " ^ta ^si ■ ■ ■ Xst, ^ji ■ ■ ■ ^jm- 

(In the simple case that ^ = A ® B and G = P (g) Q, where A, B, P, Q are monomials, ^H^inQ = 
PA® BQ, i.e., #i„ is the "inside" multiplication on J^'{R)). Then 

c*#i„e(n,m)< ^ ^ c*(/;;, r)ce(/, s), 

k+l=n r+s=m 

so the coefficient of ^"u'™ in (j)^^^^Q{z, w) is dominated by the coefficient of 2;"u''" in 4'^{z, w)4>q{z, w). 
Consequently, 0*#^^e -< 4'^!4>@ and 

||*#me||,< ||f||^||e||^. 

In particular, ^f^j^O e T'{R). Similar estimates and conclusion of course hold for the "outside" 
multiplication ^#outQ, defined by 

In that case we get (/)*#„„te(z, w) < 4'q,{w,z)(j)e{z,'w) and ||*#o«t6|jp < ||^'||p||6||p- 
Let r be a linear functional on the algebra of non-commutative polynomials in n variables, so that 
|t(Xjj • • ■ XiJ)\ < Rq for alln. Given O = Y^&ii...i^;ji...jrn^ii ' ' ' ^t^ -i^^n ' ' '^jm '= ^'{R), assume 
that Ro < R and consider the formal sum 



(l®r)(e)= 



^ &ii...i„;h...j^T{Xj^ ■ ■ ■ Xj^) 



■m,ji,...,j.„ 



Xi^ ■ ■ ■ Xi^ . 



More precisely, we consider the formal power series in which the coefficient of Xi^ ■ ■ ■ Xi^ is given by 
the sum 

®il...i„;ji...jrn'''{-^jl ' ' ' -^jm)- 

m,jl,...,jm 

But since \T{Xj^ ■ ■ ■ Xj^)\ < i?™, this sum is bounded by the coefficient of z" in the power series 
expansion of NRq) (as a function of z), and is convergent. Thus 4'(i(g,T){e){z) -< <p&{z, NRq) and 
we readily see that (1 (8) t)(6) is well-defined, belongs to J-{R) and moreover 

||(i®r)(e)||,<||e|ip 

whenever p > Rq. 
We now combine these estimates: 

Lemma 1. Letr as above be a linear functional on the space of non- commutative polynomials in N variables 
satisfying T{Xi-^ ■ ■ ■ Xi^) < R^. Let R > Ro and assume that € J^{R), j = l)---,-^, ^ = (^ij) S 
MnxnJ"{R). For f G J'iR) let 

6^\f) = (1 ® r)(^ ^jk*in{^U*out{Viif))) - \^of- 
ijk j 
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Then c''p{f) G ^{R) and moreover for any Rq < p < R, 

^CM if) (^) ^ I] <^*.^ NRo)(f>^,^ {NRo, z)$f{z, NRo) + ^Yl (^)<^/(^)- 

where (f>f{z, w) — J2n m(" + + jti + 2)z™w" . 

For (/) a power series in z,wi, . . . ,Wk with multi-radius of convergence bigger than p and all coefRcients of 
monomials non-negative, let 4'wi.,...,wkiz) = 4>{zi'uJi, ■ ■ ■ , Wfe). Set 



Z,Wi, . . .Wk+l) = 4>wi,...,Wkiz,Wk+l) 

D(j>{z,wi,...,Wk) = dlcj){z,wi,...,Wk). 

We note that 4>(z, z) -< (t>"{z), and that both Q and D are monotone for the ordering ^. It follows that if 
Kj, Xj are some power series with radius of convergence bigger than p and positive coefficients, then for any 
ai , 61 , . . . , Ofc , 6fc > and any R < p, 

[Q"i Ki {z)D''' Ai (z)Q"^ K2 {z)D''- A2 (z) • • • Afe] 

< [D'''Ki{z)D^'\i{z)D''''K2{z)D^''\2{z)---D^>'\k\ 

Define now 

mz) = ^^o)<^*.. (,NR^,z)cj>"{z) + \Y.'^i. (^)<^(^)- 

Then we have obtained the following inequality: 

4>c-f{NRo)<C'^f{NRQ). 

We record this observation: 

Lemma 2. Let C(t>{z) = J2ijk 4'i>jk (-^j ^Ro)4'^ki i^Ro: ^)4'"{z) + \ Tlj 0.''^'^ t he a trace so that 

for any monomial P, \t{P)\ < Rq, n = degP. Then 

\TiC"f)\<C-^fiNRo). 

2.1.2. Analyticity of d* d{Xj) . Let us now assume that S = (Si, . . . ,SAr) e !F'{R). Let {Xi, . . . ,Xn) be an 
Ai"-tuple of self-adjoint operators in a tracial von Neumann algebra (M, t), and assume that < R for 

all j. Let d : L'^{M) — > L'^{M)®L'^{M) be the derivation densely defined on polynomials in Xi, . . . ,Xn by 
d{Xj) = Ej{Xi, . . . ,X]\i). We'll assume that 1 (g) 1 belongs to the domain of d* and that there exists some 
C e T{R) so that (g) 1) = C(^i, • ■ ■ , Xn). 

Lemma 3. With the above assumptions, there exist G ^{R), j — ^,---,N, so that S^j{Xi, . . . ,Xn) ~ 

d*d{x,). 

Proof. It follows from [27ll20| that under these assumptions, d is closable. Moreover, for any a, b polynomials 
in Xi, . . . , Xm, a®b belongs to the domain of d* and 

d*[a ®h)^ aCb T)[d{a)]b + a(T (g) 

where C = C(^i, ■ ■ • , ^w) ^d*{l®l). 

Consider now formal power series in N variables having the form 

= X/ Qii,---,jfc;ji,---j!;ti,---:tr^n ' ' ' ^ Y^^ ■ ■ ■ Y^^ ^Yt^ ■ ■ ■ Yt^. 

We'll write (j>e{z, w, v) for the power series whose coefficient of z'^w'^v^ is equal to the maximum 

max{|eii,...,i,„yi,...j„;ti,...,f J : ii, . . . ,i,„, ji, . . • , j„,ti, . . . ,t„ S {1, . . -.N}). 

We'll denote by T"{R) the collection of all such power series for which 0e has a multi-radius of convergence 
at least NR. 
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Let Pj*^ : J^'{R) J^"{R) be given by 

fil,---,ik;h,---,jl l5ip=s5^ii • • • ^ip_i i^ip+i ' ' ' ^ifc <8) • • • Yj, . 

Then clearly </>p(3)(^^(^;,^;,tt;) -< d^^is,{z,w), so that D^''^ indeed lies in P'{R) if * e J^'{R). 
Similarly, if we define for ^ & T'{R),@ & J"'{R) 

= E *ti...t„,«i,...,«,e,„..,„;,,...,v„;fe,...fepy,, • • • • • • y*, ® • • • • • • ® • • • n^, 

then 4i^^(i)q{z,v,w) -< (j)iSfiz,v)(j)siz,v,w) and in particular ^'#•^^6 € T"{R). (Note that #^^^ corresponds 
to "multiplying around" the first tensor sign in 6). 

Finally, if r is any linear functional so that t(P) < R^^^^ for any monomial P and we put 

M2(*) = E *n,...,i„;ii,...,.V„;fa,...fe.^n " " " Yi^riY^. ' ' ' Y^^Yj,, ■ ■ ■ 

then 0M2(*)(-2) < <l>^{z,NRo,NRn) and in particular M2(*) e J^{R) once * e ^"(i?) and Ro < R. In the 
foregoing, we'll use the trace r of M as our functional. 
So if we put 

s 

then Ti maps into T{R). 

Note that in the case that ^ A® B, where A, B arc monomials, TiQ = (1 5$ T){d{A)B). 

One can similarly define T2 : J^'{R) —^ J^{R)\ it will have the property that T^Q = (1 (g) T){d{A)B). 

Lastly, let C, G ^{R) and let m : J^'{R) ^{R) be given by 

m(0) — ^ ' 0ii,...,i„;j"i,...,j„Cj)i,...,Pr-^l ■ ■ ■ Yi^Yp^^ p^Yj-^ ■ ■ ■ Yj^ . 

Once again, (j)mie){z) -< 4)e{z,z)(j)^{z). 

Let now Q{^)= Ti{E) + T2(S) + m(S). We claim that ^ = (Q(S))(Xi, . . . ,Xiv) = . . . ,Xjv)). 

Note that if S„ is a partial sum of S (say obtained as the sum of all monomials in S having degree 
at most n), then (5(S„)(Xi, . . . , Xat) = 9*(S„(Xi, . . . , Xat)). Moreover, as n ^ 00, S„(Xi, . . . , X^r) ^ 
S(Xi, . . . ,Xjv) in and also Q(S„)(Xi, . . . ,Xn) —^ Q{^){Xi, . . . ,Xn) in (this can be seen by observing 
first that the coefficients of Qn(S) converge to the coefficients of (5(E!) and then approximating (3(S) and 
(5(S„) by their partial sums). 

Since d* is closed, the claimed equality follows. □ 

2.1.3. Existence of solutions. Recall that a process Xi \ . . . , x'^^ e (Af, t) is called stationary if its law does 
not depend on t; in other words, for any polynomial f in N non-commuting variables, T{f{x[*\ . . . ,X^)) 
is constant. 

Liemma 4. 

LetX^^\...,x'^S'' he an n-tuple of non- commutative random variables, i?o > maxj H^j"'!! and 
R > Rq. Let G JP(i?), * = i^^j) e Mnxn{:F'{R)), so that 4'y(.^i, . . . , Zn)* = *i,(^i, • . • , 2jv) for any 
self-adjoint Zi,. . ., Zn. 

Consider the free stochastic differential equation 

(4) dXi{t) = *(Xi(i), . . .,XN{t))#{dSi'\. . . - l^Xiit), ■ ■ .,XN{t))dt 

with the initial condition Xj{0) = Xj^\ j = l,...,n. Here dSf^\ . . . , dS^^'' is free Brownian motion, 
and for Qu = E^f ® G M®M, and Q = {Qki) G Mnxn{M^M), we write Qif^{Wi, . . . ,Wn) = 

Let A = W*{x'^\ . . . j^^') and let dj : L'^{A) L'^{AiSiA) be derivations densely defined on polynomials 
in xf'\ . . . , X^'' and determined by 

dj{Xi) = Qji{xf\. . . 
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Assume that for all j , diXj G domain 9* and that 



(0)n 



i 

Then there exists a to > and a stationary solution Xj{t), <t < to. This stationary solution satisfies 
X,{t) eW*{Xi,...,XNASj{s):0<s< Of=i). 

We note that in view of Lemma [H we may instead assume that 1 (g) 1 G domain 9* and 1) = 

Cj{x[^\ . . . , ^^^) for some Ci, ■ • • , Cjv G ^{R), since this assumption guarantees the existence of G ^(R) 
satisfying the hypothesis of Lemma [H 



Proof. We note that, because 5" and ^ are analytic, they are (locally) Lipschitz in their arguments. 

Thus it follows from the standard Picard argument (cf. [2]) that a solution (with given initial conditions) 
exists, at least for all values of t lying in some small interval [0,to), tg > 0. Choose now tg so that 
||-'^j(i)lloo l£ Ro < R for all < t < to (this is possible, since the solution to the SDE is locally norm- 
bounded). 

Next, we note that if we adopt the notations of Lemma [Hand define for / G ^{R) 

ijk j 

then we have that G J^{R) (here Tt refers to the trace on C{Xi{t), .... Xn{t)) obtained by restricting 

the trace from the von Neumann algebra containing the process Xt for small values of t, i.e., Tt{P) = 
r(P(Xi(t), . . .,Xn{t)))). Ito calculus shows that for any / G T{R), 

|r(/(Xi(t), . . .,X^ml^^ = ((/:(^^)/)(Xi(.), . . .,X^is))) . 

In particular, replacing / with and iterating gives us the equality 



^]r{f{X,{t),...,XNm 



(((£(^=))"/)(Xi(.),...,X^(s))) 



Since ^,(Xi(0), . . .,^40)) = 9*a.(X, (0)), 

£(-")(/(Xi(0),...,X^(0)))=0 
for any / G T{R). Applying this to / replaced with C^'^°^ f and iterating allows us to conclude that 



— r(/(Xi(t),...,Xjv(t))) 



= 0, 



Let 

By Lemma [2l we have that 
where 4> = 4>f and 



c„(/,t)= sup ||(/:(^=))"/(Xi(s),, 

0<s<t 



n > 1. 



,Xn[s))\\. 



c„(/,t)< |/:"0(i?o)l, 

£0(z) = ^^o)0*,. {NRo, z)r(z) + i ^ (z)^(z). 



ijk 



Thus if we set C„ = |>C"0(i?o)|, then (because all derivatives at zero of the function T{f{Xi{t), 
vanish) , 

|T(/(Xi(t), . . . , Xr,{t))) - r(/(Xi(0), . . . , /(Xjv(0)))| 

^r(/(Xi(r),...,/(X^(r)))[^^(d.)" 



< 



Cn (ds)"<C„-. 

n! 
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We now note that Ccj) — ai{z)(f)" [z) -^^ a2{z)4>{z) , for some ai,Q;2 analytic on \z\ < R. Let Qi(j) = 
Q2(t> = ot24>, so that L = Qi + Q2- Then if (/) is a power series with all coefficients non-negative, then 



so are 



1,2. Moreover, for any 6 with non-negative coefficients. 



in particular. 



QiQiff' ^ Qi<320- Furthermore, if 4> ^ then Qi4> -< QiO, i — \,2. It follows that if ii, . . . , z„ € {1, 2} are 
arbitrary and exactly fc of ii, . . . , i„ equal 1, then 



Thus for any p G (i?o, R) and any with non-negative coefficients, and assuming that p — Rq < 1, 

at^{w) ■ ■ ■ ai^{w)(j){w) 



Q^^■■■Q^,MRo) 



k\ 
2TTi 



\w\=p 



{w - RoY+^ 



< 



K"Cnl 



where K = sup{\a^{z)\ :\z\=^p,i^ 1,2}, C ^ (27r(p - i?o))"^ sup{|(/)(z)| : 
Since £" = J2ii i„e{i 2} *9n ' ' ' Qt^^ '^^ conclude that 

ii,...,i„6{l,2} 



2K 

p- Rq 



Thus 



|r(/(Xi(t), . . .,XN{i))) - t(/(Xi(0), . . . , /(X^(0)))| < C 



p- Rq 



Thus we may choose small enough so that for any t < to, \2Kt{p — Rq) ^] " — > and so the solution is 
indeed stationary on this interval. □ 

We note that once the equation ^ has a stationary solution on a small interval [0,to), then it of course 
has a stationary solution for all time (since the same lemma appHed to -^£^40/2 guarantees existence of the 
solution for up to 3io/2 and so on). However, we will not need this here. 



3. Otto-Villani type estimates. 

The main result of this section is an estimate on the non-commutative Biane-Voiculescu-Wasserstein 
distance between the law of an A^-tuple of variables X = Xi, . . . , Xn and the law of the A^-tuple X + ^/tQ^S, 
where S — {Si, . . . , Sn) is a free semicircular family, Q e Mnxn{L'^{W* {Xi, . . . jXn)^"^)) is a matrix, and 
for Qij = X^fc ® B\f, we denote by Q#S the iV-tuple (Yi, . . . , Yn) with 

i fc 

Note that the sum defining Yi is operator-norm convergent; in fact, the operator norm of Yi is the same as 
the norm of the element 

3 k 

The estimate on Wasserstein distance (Proposition [l]) is obtained under the assumptions that a certain 
derivation, defined by d{Xi) = {Qn, . . . , Qin) S [L'^iW* {Xi, . . . , X^)'^'^)'^ is closable and satisfies certain 
further analyticity conditions (see below for more precise statements). Under such assumptions, the estimate 
states that 

dw{X,X + ViQ#S) < Ct. 

The main use of this estimate will be to give a lower bound for the microstates free entropy dimension of 
Xi, . . . ,Xn (see Section [5]) . 
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3.1. An Otto-Villani type estimate on Wasserstein distance via free SDEs. 

Proposition 1. Let S e Mnxn{J^' (R)) , M ^ W* (Xi, . . . , Xj^) and let dj : L'^{M) L'^{M®M) he 
derivations densely defined on polynomials in Xi, . . . , Xn and determined by 

dj{Xi) ~ Eji{Xi, . . . ,X]y). 

Assume that for all j , 1 1 G domain 9* and that there exist Ci, ■ ■ ■ ,Cn € ^{R) so that 

Cj{Xi,...,XN)=dj{l(g>l), j = l,2,...,iV. 

Then there exists a IIi factor A4 = AI * iy(Foo) and a to > so that for all < t < to there exists an 
embedding at : M — W*{Xi, . . . , Xn) M. and a free (0, \) -semicircular family Si, ... , Sn G M, free from 
M and satisfying the inequality 

(5) \Wt{Xj) - {X, + VtS(Xi, . . . ,Xjv)#5)||2 < Ct, 

where C is a fixed constant. Furthermore, at{Xj) e W* {Xi, . . . , X^ , Si, . . . , Sn ,{S'j\^i) , where {S'j\^i 
are a free semicircular family, free from [Xi, . . . , Xn, Si, ... , Sn)- 
If A can be embedded into , so can Ai. 

In particular, the non- commutative Wasserstein distance of Biane- Voiculescu satisfies: 

dw{ {Xj)f=i, {Xj + VtE{Xi, Xn)#S)U ) < Ct. 

Proof. By Lemma[3l we can find ^i, . . . ,£,n G J-^{R) so that £,j{Xi, . . . , Xn) — d*d{Xj). 

Let A4 = W* {Xi, . . . , Xn, {Si{s), . . . , SNis) . < s < t}), where Sj{t) is a free semicircular Brownian 
motion. Let Xj{t) be a stationary solution to the SDE ^ (see LemmaH]). The map that takes a polynomial 
in Xi,. .. ,Xn to a polynomial in Xi{t),. .. ,XN{t) preserves traces and so extends to an embedding at : 
M M. By the free Burkholder-Ghundy inequality [% it follows that for < i < io < 1 

\\X.j{t) - Xj{0)\\ < CiVt + C2t < CaVt, 

where Ci = sup^^^j \\E{Xi{t), . . . , XN{t)\\ < oo, C2 = max^ supt<t^ \\ij{Xi, . . . , XN{t)\\. 
Furthermore, 

X,{t)~X,{Q) = / ~{Xi{s),...,XN{s))#dS,{s)- [ ^,{Xi{s),...,XNn{s))dt 
Jo Jo 

' S(Xi(0),...,Xw(0))#d5,(s) 

[S(Xi(0), . . . XNiO)) - S(Xi(s), . . . , XN{s))]#dS,is) 







t 

^,{Xi{s),...,XN{s))ds. 



By the Lipschitz property of the coefficients of the SDE Q , we see that 

||S(Xi(s), . . . , Xn{s)) - S(Xi(0), . . . ,Xjv(0))|| < if max \\Xj{s) - X,(0)|| < K'^fs- 

i 

Combining this with the estimate . . . ,XN{t))\\ < K" we may apply the free Burkholder-Ghundy 

inequality to deduce that 

1/2 ^t 



\\x,{t) - ix.it) + s(Xi(o), . . .,XNm*s,m\ < 

< ct 



{K'yfs)'^ds 



K"ds\\ 



Thus it is enough to notice that || • II2 < |1 • |1 and to take Sj = -^Sj{t), which is a (0, 1) semicircular element. 

If M is i?'^-embeddable, we may choose M to be i?"-embeddable as well, since it can be chosen to be a 
free product of M and a free group factor. 

Finally, note that Xj{t) £ W* {Xi, . . . , Xn , {Sj{s) : < s < t}jLi) by construction. But the algebra 
■ < s < t}) can be viewed as the algebra of the Free Gaussian functor applied to the space 
L2[o,1], in such a way that Sj{s) = S{[0,s]). Then W*{{Sj{s) : < s < t}) C W*{Si, . . . , SN,{Sl}kei(j)), 
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where {S'f. : k G lij)} are free semicircular elements corresponding to the completion of the singleton set 
{^"^/^X[o,t]} to an ONB of ^^[o, 1]. 

The estimate for the Wasserstein distance now follows if we note that the law of {at{Xj))^^-^ is the same 
as that of {Xj)jLi; thus {Xj{t))jLi U {Xj + \/tE^S)jLi is a particular 2iV-tuple with marginal distributions 
the same as those of {Xj)jL-^ and (Xj + ^/t'E,^S)jLi, so that the estimate |[5]) becomes an estimate on the 
Wasserstein distance. □ 

Remark 1. Although we do not need this in the rest of the paper, we note that the estimate in Proposition 
[Ualso holds in the operator norm. 

We should mention that an estimate similar to the one in Proposition [T] was obtained by Biane and 
Voiculescu [3] in the case N = 1 under the much less restrictive assumptions that E = 1 (g) 1 and 1 (8) 1 G 
domain 9* (i.e., the free Fisher information is finite). Setting = 5^ 1(8)1 we have proved an analog of 

their estimate (in the TV- variable case), but under the very restrictive assumption that the conjugate variables 
d*{E) are analytic functions in Xi, . . . , Xn. The main technical difficulty in removing this restriction lies in 
the question of existence of a stationary solution to ^ in the case of very general drifts ^. 

4. Applications to g-SEMiciRCULAR families. 
4.1. Estimates on certain operators related to g-semicircular families. 

4.1.1. Background on q-semicircular elements. Let Hr be a finite-dimensional real Hilbert space, H its 
complexifiction H = Hs. ®r C, and let Fq{H) be the g-deformed Fock space on 7J |4j. Thus 

n>l 

with the inner product given by 

n 

7reS„ j = l 

where ?(7r) = ■ i < j and 7r(i) > 7r(j)}. 

We write HS for the space of Hilbert-Schmidt operators on Fq {H) . We denote by S G HS the operator 

S = g"P„ 

where P„ is the orthogonal projection onto the subspace H®"^ C Fq(H). 

For h e H, let l{h) : Fq{h) — > Fq{H) be the creation operator, l{h){^i (g) • • • (8 ^n) = h ® ® ■ ■ ■ ® ^n, 
and for h € TJr let s{h) = 1(h) + 1(h)* . We denote by M the von Neumann algebra W*{s{h) : h £ Hr). 
It is known p|9!, 23] that M is a IIi factor and that t = (•fijfJ) is a faithful tracial state on AI. Moreover, 
Fq{H) = L2(m, t) and HS = L^{M, t)®L'^{M, t). 

Fix an orthonormal basis {hi}^^^ C Hr and let Xi = s{hi). Thus M — W*{Xi, . . . , Xn), N = dimiJ^. 

Lemma 5. [H] For j — 1, . . . , N , let dj : C[Xi, . . . , Xn] HS be the derivation given by dj{Xi) — Si=j'E.. 
Let d : C[Xi , . . . , Xn] HS'^ be given by d — di® ■ ■ ■ ® On and regard d as an unbounded operator densely 
defined on Li^iM). Then: 
(i) d is closable. 

(a) If we denote by Zj the vector 0©---®Psiffi''-®Oe HS^ (nonzero entry in j-th place, Pn is the 
orthogonal projection onto Cfl G Fq{H)), then Zj is in the domain of d* and d*{Zj) ~ hj. 

As a consequence of (ii), if we let d be as in the above Lemma, ^ = d*{Zj) e C[Ari, • • • , Xn] C J^{R) for 
any R. 

4.1.2. S as an analytic function of Xi, . . . ,Xn. We now claim that for small values of q, the element S e 
L'^{M)®^ defined in Lemma[l]can be thought of as an analytic function of the variables Xi, . . . , Xn- Recall 
that hi & H is a. fixed orthonormal basis and Xj = s{hj), j = 1, . . . , N thus form a g-semicircular family. 



LOWER ESTIMATES ON MICROSTATES FREE ENTROPY DIMENSION. 



12 



Lemma 6. Let Wi^,,,,^i^ be non- commutative polynomials so that Wij....^i„ (Xi, . . . , Xjv)f^ = /lii 
hi^. Then the degree of Wi^^,,,^i^ is n, t 
Xj^ ■ ■ ■ Xj^, k <n, in Wi^^,,,^i^ satisfies 



hi^. Then the degree of Wi^^,,,^i^ is n, and the maximal absolute value c^,"-* of a coefficient of a monomial 



4") < 2"-^- 



1 



Furthermore, || VK,,, H^.^^^^ < 2"(1 - 

Proof. Clearly, cl"^ = 1. Moreover, (compare [3) 

(where • denotes omission). So the degree of is n and the coefficient Cn of a monomial of degree k 

in Wi^^...^i^ is at most the sum of a coefficient of a degree k — 1 monomial in Wi2,...,i„ and J2j>2 L 
where kj is a coefficient of a degree k monomial in W-^ . By induction, we see that 

n 



2'' 



3>0 

/ ^ \ n—k / 1 \ -| 



l-\q\J \l-\q\J l-\q\ 

— k / 1 \ n—k 



as claimed. 

The upper estimate on || Wii,...^i„ ||^2(jvf) follows in a similar way. □ 

Lemma 7. Let {^k '■ k e K} be a finite set of vectors in an inner product space V. Let T be the matrix 
Tfc,; = {S,k,£,i)- Assume that T is invertible and let B = F^^/^. Then the vectors 



= ^ Bk,it 



k 



form an orthonormal basis for the span of {^k ■ k e K}. Moreover, if A denotes the smallest eigenvalue of 
T, then \BkA \ < A^^/^ for each kJ. 

Proof. We have, using the fact that B is symmetric and BTB = I: (0,0') = (Tlk k' -^kdS^uBk' = 
Sfc,fc' Bk,iBk',i'Tij/ = {BrB)ij> = 5i=i>. □ 

Lemma 8. There exist non-commutative polynomials Pii,....i„ in Xi, . . . ,Xj^ so that the vectors 

tei,...,i„(-'^l, • • • ,-^n)f^}iy,...,j„ = l 

are orthonormal and have the same span as {Wi^^,,,s„}f^ i„=i- 

Moreover, these can be chosen so that pi^^,,,^i^ is a polynomial of degree at most n and the coefficient of 
each degree k monomial in p is at most (1 — 2|g|)""/^(2Af)"(l — |g|)'^2^'^. 

Proof. Consider the inner product matrix 

r„ = [(M^.i,....^„,T^ji,...,,„)]^,...,.„, 

Dykema and Nica proved (Lemma 3.1 [7|) that one has the following recursive formula for r„. Consider an 
Af"-dimensional vector space W with orthonormal basis ei-^^...,i^, ii, . . . , z„ S {1, . . . , N}, and consider the 
unitary representation 7r„ of the symmetric group Sn given by a • eii,...,i„ = ei^^-^^^,,,^i^^^^ . Denote by (1 j) 
the action (via 7r„) of the permutation that sends 1 to j, fc to fc — 1 for 2 < k < j, and I to I for ^ > j on W. 
Let M„ = X;"=i g^"^(l j) G End(W"). Then Ti is the identity TV x TV matrix, and 

r„ = (i(g)r„_i)M„, 
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where 1 (g) r„ acts on the basis element ej-^^,,,j^ by sending it to J2k2 fc„ (-'^"-i)i2,- - jn, fe2,- -,fcnSii,fc2,...,fc„ 
and r acts on the basis elements by sending ej^,,,,j^ to J2ki fe„ ki,...,k„^ki,...,k„- They then 
proceeded to prove that the operator M„ is invertible and derive a bound for its inverse in the course of 
proving Lemma 4.1 in [7]. Combining this bound and the recursive formula for r„ yields the following lower 
estimate for the smallest eigenvalue of r„ : 



> 



> 




fe>i 




Thus if we set B = T, 



-1/2 



then all entries of B are bounded from above by c, 



-1/2 



Thus if we apply the 



previous lemma with K — {1, . . . , N}" to the vectors — Wii,...,i„il, we obtain that the vectors 

form an orthonormal basis for the subspace of the Fock space spanned by tensors of length n. 
Now for i = (ii, . . . , i„) £ K, let 

. . . = E BJ,^W,iXl, . . .,Xn). 

Then Q = Pi(Xi, . . . , Xpf)fl are orthonormal and (because the vacuum vector is separating), the polynomials 
{pi : i G K} have the same span as {Wi : i G K}. 

Furthermore, if a is the coefficient of a degree k monomial r in pi, then a is a sum of at most TV" terms, 
each of the form (the coefficient of r in Wj)Bj^i. Using Lemma [H we therefore obtain the estimate 

/ ON \ " 

□ 

We'll now use the terminology of §2.1.11 in dealing with non-commutative power series. 
Let i?o — 2(1 — \q\)^^ > 2(1 — q)^^ > Then if a > 1, p = Pi-i^,...,i„ is as in Lemma[8l and (j)p is as in 

§2.1. It then the coefficient of z*^, k < n in (j)p is bounded by 



2N 



(l-2M)i/2 



2Na 



(l-2M)i/2 



In particular for any p < aRo, 



l|Kl,...,z„llp 



< 



2Na 



(l-2|g|)V2 



E(a^^o)"'''A^V < 



fc=0 



2Na 



(l-2M)i/2; l-p/iaRoY 



Lemma 9. Let q be so that \q\ < {4N^ + 2)-^. Then: 
(a) The formula 



S(ri,...,yAr)=E'Z" E P^u■■■,^JYl^■■■:YN)^P^,,...,^JY^,...,YM) 



defines a non- commutative power series with values in C(Yi, . . . , Yat)^^ with radius of convergence strictly 
bigger than the norm of a q-semicircular element, \\Xj\\ < 2(1 — q)^^. 

(b) If Xi, . . . , Xn are q-semicircular elements and E is as in Lemma\^ thenE ~ E^Xi, . . . , Xn) (convergence 
in Hubert- Schmidt norm, identifying HS with L'^{M)®L'^{M)). 
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Proof. Clearly, 



for any p < uRq, where Rq = 2(1 — \q\) ^ > \\Xj\\. 
Thus 



"lip 



< 



< 



El ^ 
T 



( AN^a\q 



which is finite as long as p < ai?o and 



< 1. 



l-2|g| 

Thus as long as 4A^^|g| < 1 — 2\q\, i.e., I^l < (4A^'^ + 2)^^, we can choose some a > 1 so that the series 
defining S has a radius of convergence of at least ai?o > ll-'^jll- 

For part (b), we note that because || • ||l2(jv^) < |j • ||m and because of the definition of the projective tensor 
product, we see that 

II • Whs < II • Wm^m 

on M(g)M. Thus convergence in the projective norm on M(g)M guarantees convergence in Hilbert-Schmidt 
norm. Furthermore, by definition of orthogonal projection onto a space, 

. . . ,Xn) are the partial sums of . . . ,X]y) (here we 

□ 



where P„ = J2ii,...,i„Pii,---.i^ ®Pii...... 

again identify HS and L^®L^). Hence S — S(Xi, . . . , Xm). 

5. An ESTIMATE ON FREE ENTROPY DIMENSION. 

We now show how an estimate of the form ^ can be used to prove a lower bound for the free entropy 
dimension 5q. 

Recall |26[f25] that if Xi, . . . ,X„ g (M, t) is an n-tuple of self-adjoint elements, then the set of microstates 
Tii{Xi, . . . , Xn] I, k, e) is defined by: 



rfl(Xi,...,X„;;,fc,e) = {(a;i,...,x„e (A4^5fe)" : ||x,|| < i?. 



-(p(^i,...,X„))--Tr(p(xi, 



I -^n ) ) 



<e. 



for any monomial p of degree < ^ } • 



If R is omitted, the value R = qoib understood. 

The set of microstates for Xi, . . . , Xn in the presence of Yi , . . . , Ym is defined by 

r_R(Xi, . . . ,X„ : Yi,. . . ,Ym\l,k,e) = {(xi, . . . , a;„) : 3(1/1,...,?/™) 

s.t. (a;i, . . . ,x„,?/i, . . . G rfl(Xi, . . . , X„, Yi, . . . , F^; /, fc, e)}. 
The free entropy and free entropy in the presence are then defined by 



x{Xi, ...,x„ 



sup inf lim sup 



1 71 

— log Vol(r,j(Xi, . . . , X„; /, fc, e)) + - log k 
1 



x{Xi,...,Xn:Yi,...,Ym) = supinflimsup j^\og\o\(TR{Xi, . . . , Xn : Yi, . . . ,Ym;l,k, e)) 

R k^oo 

n 



■ log k 



It is known [T] that sup^ is attained; in fact, x(Xi, . . . , Xn : Yi, . . . , Y„i) = xr{Xi, . . . , Xn ■ Yi, . . . , Ym) 
once R > maxjj{||Xi||, ||Yj||}. 
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Finally, the free entropy dimension 60 is defined by 

. y . , ,. xiXi + ViSi,...,Xn + VtSn: Si,...,Sn) 

do[Xi, . .. , Xn) =n + limsup , 

t^o I log i I 

where Si, . . . ,Sn are a free semicircular family, free from Xi, . . . , Xn. Equivalently [TT] one sets 

Ks{Xi, . . .,Xn) = inf limsup ^ log ii:5(roo(^i, • ■ ■ ,Xn;k,l,e)), 
where Ks{X) is the covering number of a set X (the minimal number of (5-balls needed to cover X). Then 

c fv V \ T ^t{Xi, . . . , Xn) 

do(Xi, . . .,Xn) = limsup — . 

t^o |logt| 

Lemma 10. Assume that Xi,...,Xn e (M,r), Tjk G W*{Xi, . . . , Xn)<^W* {Xi, . . . ,X„)°p are given. Set 

-L'^iM^M") 



Sj = Ek Tjk#Sk. Let rj = dimMgAf°(M^f M + • • ■ + MS^A^f 

Then there exists a constant K depending only on T so that for allR>0,a>0,t>0, there are e' > 0, 
V > and k' > so that for all < e < e' , k > k' and I > V , and any (xi, . . . , x„) G T{Xi, . . . , Xn] k, I, e) 
the set 

Tfl (^"5*1 J ■ ■ ■ J tSn I (3^1 1 ■ ■ ■ J ^n) '.Si, ... , Sn] k,l, s) — 

{{yi,---,yn) :3(si,...,s„) s.t. {yi,... 

^ R{tS[ ^,...,tSn , Xi, . . . , Xn, Si, . . . , Sn',k,l, e)} 

can be covered by (if/t)^" v+a)k ^^^g of radius . 

Proof. By considering the diffeomorphism of (Affexfc)" given by (ai,...,a„) 1— > {(l/t)ai, . . . ,{l/t)an), we 
may reduce the statement to showing that the set 

Tb{S{^'^ , ... , Sn^'^\{xi, . . . ,Xn) : Si, . . . Sn;k, l,e) 

can be covered by (C/i)^"^''+"^'^" balls of radius t. 

Note that 77 is the Murray- von Neumann dimension over M®M° of the image of the map (Ci, ■ • • , Cn) ^ 
(Cf,...,Cn), where Q € L'^{M)®L'^{M), M = W*{Xi, . . . ,Xn). Thus if we view T as a matrix in 
Mnxn{M®M°), then t ®t ® Tr{E^o}{{I - T)*{I - T))) = 77 (here Ex denotes the spectral projection 
corresponding to the set X C M). 

Fix a > 0. 

Then there exists Q G M„xn(C[Xi, . . . , Xn^"^) depending only on t so that HQij - {1 - T)ij\\2 < t/{2n). 
Set Sf ^j:^Qjk#Sk. Then 

In par ticular, _ < t/2. We may moreover choose Q (again, depending only on t) so 

that 

r ® r ® Tr(S[o,t/2[(Q*Q)i/'(Xi, . . . , X„)) > r ® r ® TriE[o}{I - r)*(/ - T)) = r; - ^a. 
Thus for I sufficiently large and e > suflflciently small, we have that if 

(.yi,---,yn) e rR{S'~'^ , . . . , Si~'^\{xi, . . . ,Xn) -. Si,...,Sn;k,l,e), 

then 3(si, . . . , s„) so that 

\S±, ■ ■ ■ , Sn, X±, . . . , Xn ) G ^r{Si, . . . , Sn, Xi, . . . , Sn', k, I, e) 

and 

II Q{xi,...,x„) II ^ , 

By approximating the characteristic function X[o,t/2] with polynomials on the interval [0, ||Q(a;i, . . . ,a;„)||] 
(which is compact, since ||a;j|| < R), we may moreover assume that I is large enough and s is smafi enough 
so that 

^Tr Tr Tr(S[o,t/2](Q*g)i/'(a:i, . . . , x„)) > 7? - a. 
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Denote by 4> the map 

Let i?i — maxj ||5'j^"^||2 + 1. Assume that e < 1. Then : — > i^k'xk)"' ^ hnear map, and since 
Pi II 2 1^ 1 + e < 2, we have the inclusion: 

rR{Si~^,...,S!-^\ixi,...,Xn) : Si,...,Sn;k,l,e)cNt{(b{B{2)) n 

where B{R) the a ball of radius R in (Af^"^)" (endowed with the norm) and Nt denotes a t-neighborhood. 
The matrix of is precisely the matrix Q{xi, . . . ,Xn) G M„xn(Affcxfc)- 

Let (3 be such that /3nfc^ eigenvalues of (0*0)-^/^ are less than Rq. Then the i-covering number of 0(i?(2))n 
B{Ri) is at most 



'Ri 




'2Rq' 


t _ 




t 



Let Rq ~ t/2,soth.Sit (3 — (rj— a) /n. We conclude that the t-covering number of rfl(5'[ ^j-.-jS",^ ^|(xi, . . . , a:„) 
Si,..., Sn, k, I, e) is at most , for some constant K depending only on i?i , which itself depends 

only on r. □ 

Theorem 4. Assume that Xi,...,Xn € (M, t), Si, . . . , Sn, {Sj : j G J} is a free semicircular family, 
free from M, Tjk € W* {Xi, . . . , Xn)^W* (Xi, . . . , Xn)"^ are given, and that for each t > there exist 
r/*^ e W*{Xi, ...,X^,Si,..., Sn, {S'^jjej) so that: 

• the joint law of {Y^*\ . . . , l^i*'') is the same as that of {Xi, . . . , Xn); 

• // we set Sj = J^k'^jkif'^k and z'^p = Xj + tSj , then for some > and some constant C < oo 
independent of t, we have \\zf - r/*^||2 < Ct^ for all t<to. 

Let M ^W*{Xi,..., Xn) and let 



77 = diuiMr^M" {MSJ'M +■■■ + MS^M ). 
Assume finally that W*{Xi, . . . , Xn) embeds into R'^ . Then Sq{Xi, . . . , Xn) > rj. 
Proof Let T : (M(g)M°)" (Mi^M")'' be the linear map given by 

T(ri, . . . , Yn) = TlkWk, . . . , 51 TnkWk). 

k k 

Then 77 is the Murray- von Neumann dimension of the image of T, and consequently 

Tj^n- dimMg,M° ker T. 

Let t be fixed. 

Since vj*^ can be approximated by non-commutative polynomials in Xi, . . . , Xn, Si, . . . , Sn and {5^- : j £ 
J}, for any kQ,eo, Iq sufficiently large we may find k > ko, I > Iq, £ < £0 and Jo C J finite so that whenever 

(zi, . . . , Zn) e TrIXi + tSi , . . . , Xn + tSn Si, . . . , Sn,{Sj}jejg; k, I, e), 

there exists 

iyi-,- ■ ■ ,Vn) e TR{Xi,...,Xn;k,lo,eQ) 

so that 

(6) \\yj-z,h < ct\ 

For a set X C {M^'^^,)^ we'll write Kr for its covering number by balls of radius r. 

Consider a covering oiTii{Xi +tSi, . . . , Xn + tSn ■ S, . . . ,Sn, {Sj}j^,ja',k, l,e) by balls of radius (C + 2)t^ 
constructed as follows. 

First, let {Ba)aei be a covering of Tii{Xi + tSf , . . . , X„ + tSn : 6*1, ... , Sn, {S^jj^jg ; k, Iq, Eq) by balls of 
radius (C -I- l)t^. Because of ([6]), we may assume that 

\I\<Kt2(TBiXi,...,Xn;k,l,e)). 
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Next, for each a € I, let (x^""*, . . . ,2:1"'') S Ba be the center of 3^. Consider a covering (C^"'' : (3 G Jq) of 

TR{tSl~'^ , . . . ,tS^~'^\{x^i'\ . . . ,xl^^) : 5*1, . . . , S'n, ) by balls of radius i^. By Lemma[ini this covering can 
be chosen to contain | Jq| < {K/t)"~^' balls, for any rj' < rj. Thus the sets 

[B^ + cp -.ael^iSeJa,), 

each of which is contained in a ball of radius at most (C + 2)t^, cover the set Tj^{Xi + tSi, . . . , X„ + tSn ■ 
Si, . . . , Sn',k,lo,eo)- The cardinality of this covering is at most 

fit^,k) < \I\ ■ sup I J„| < Kt2 {TRiXi, . . . , X„; fc, /, e) • (ifi)"'-". 

a 

It follows that if we denote by V{R^ d) the volume of a ball of radius R in W^, we find that 

Yo\[Tr{Xi + tSi, ...,Xn + tSn:Si,...,Sn, {S'^jjeJo)) < fc) • ^((C + 2)^2, nfc2), 

so that if we denote by Kj2(Xi, . . . ,X„) the expression inf^,; limsup^_^g^ p- logiirf2 (r(Xi, . . . , X„; fc, Z, e)) 
and set C = log(C + 2), we obtain the inequality 

inf lim sup ^ log Voir + tSi, . . . ,X„ + t5„ -.Si,.. . ,S'„, {Sj}jeJo;k,l,e) 



e,l k_ 



>C30 



< limsuplog/(t^/c) + 2r7.1ogi + log(C + 2) 

k — >-oo 

< Kt2 (Xi, . . . , X„) + (r/' - n) log Kt + 2n logt + C 

= Kt2{Xi, ...,Xn) + (if + n) \ogt+ [f]' - n) logK + C . 

By freeness of {S'j}je,j and {5*1, . . . , Sm Xi,. . . , X„}, the limsup on the right-hand side remains the same if 
we take Jq = 0. Thus 

Xr{Xi +tSi,...,Xn + tSn:Si,..., Sn) < {X^, . . . , X„) + (t?' + n) \ogt + C" . 

If we divide both sides by | logf| and add n to both sides of the resulting inequality, we obtain: 

YR{Xi+tSl,...,Xr,+tSn:Sl,...,Sn) ^ K^^ (Xi , . . . , X„) log i 

^+ n 7i - M 7i + iv +n)j- -+n 

\logt\ \\ogt\ \\ogt\ 

MXi^^c^ \ogt 



|l0gt2| " '\logt\ ■ 

Taking sup^ and lim supj^g and noticing that log t < for t < 1 , we get the inequality 

SoiXi, . . . , X„) < 2do{Xi, ...,X„)-{7j + n) + n^ 2^o(^i, ■ ■ ■ , X^) - rf . 
Solving this inequality for 8{){X\, . . . , X„) gives finally 

<5o(Xi,...,X„) > 77'. 

Since r( <r\ was arbitrary, we obtain that ^^{Xx, . . . , X„) > i] as claimed. □ 

Corollary 1. Let{A,T) he a finitely-generated algebra with a positive tracer and generators Xi, Xn, and 
let Dera(^; A® A) denote the space of derivations from A to LP' {A® A, t®t) which are closable and so that 
for some € P{R), ^ € T{R), R > max^ \\Xj\\, d*{l ® 1) = ^{Xi, . . . , X„) and diX^) = Ej{Xi, . . . ,X„). 
Consider the A,A-bimodule 

V = {iS{Xi), . . . , d{Xn)) : S e Deia{A; A (g) A)} c {A (g) A, t (g) t)". 

Assume finally that M = W*{A, t) C R'^ . Then 

do (A 1 , . . . , A„) > dmiAf g,M° V 

Proof. Let P : L'^{A® A,t ® tY ^ 1^ be the orthogonal projection, and let Vj = P(0, . . . , 1 (g) 1, . . . , 0) 
(1 (g) 1 in the j-th position). Let wj'^^ = ■ • • , ^''nj) ^ L'^{A® A)^ be vectors approximating Vj, having 

the property that the derivations defined by 5{Xj) = lie in DerQ. Then 



rjk = dimMgAf" Awf'^A H h Av'i^^ A dim^i/gM" V 
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as fc ^ oo. Now for each fc, the derivations Sj : A ^ L'^{A ® A) so that 5j{Xi) = v''^^'^ belong to Dera. 
Applying Lemma [3] and Proposition [T] to Ty — ^ and combining the conclusion with Theorem |4] gives that 

5o{Xi, . . . ,Xn) > TJk- 

Taking fc — !■ oo we get 

So{Xi,...,Xn)> diniM^M" V, 
as claimed. □ 

Corollary 2. For a fixed N , and all \q\ < {AN^ + 2)^^, the q- semicircular family Xi, . . . , Xn satisfies 



6oiXu ...,Xn)>1 and 6oiXi, ...,Xn)>N[1 



1-q^N 



In particular, M = W*{Xi, . . . , Xn) has no Cartan subalgebra. Moreover, for any abelian subalgebra A C M , 
L'^{M), as an A, A-bimodule, contains a copy of the coarse correspondence. 

Proof. Let di be a derivation as in Lemma HJ thus di{Xj) = Si^jS, as defined in Lemma [5j Then for 
\q\ < (AN^ + 2)"\ Lemma[9]shows that di € Dera. Then Theorem |1] implies that 



So{Xi, Xm) > diuiM^M- Y] MEiM 



M = W*{Xi,. . .,Xn). It is known I21j that for < 1/N (which is the case if we make the assumptions 
about q as in the hypothesis of the corollary) , this dimension is strictly bigger than 1 , and is no less than 
N{l~q^N{l-q^Ny^). 

The facts about M follow from Voiculescu's results [26j. □ 

For iV = 2, {AN^ + 2)-^ = 1/34. Thus the theorem applies for < g < 1/34 = 0.029 . . .. Our estimate 
also shows that as g ^ 0, Sq{Xi, . . . , Xn) N. 

Corollary 3. Let T be a discrete group generated by gi,...,gn, and let V C C^{T,£'^T) be the subset 
consisting of cocycles valued in CF C i'^T. If the group von Neumann algebra ofT can be embedded into the 
ultrapower of the hyperfinite IIi factor (e.g., if the group is soffic), then 

<5o(CF) >dimi(r)F. 

Proof. Any such cocycle gives rise to a derivation into CF'^'^ by the formula 

d{l) = c{j) (g) 7^"^. 

Then d*d{'^) = Ilc(7)|l27 G CF. Moreover, the bimodule generated by values of these derivations on any 
generators of CF has the same dimension over L(F)(X)L(F) as dim^(r) V. □ 

For certain i?" embeddable groups (e.g., free groups, amenable groups, residually finite groups with 
property T, more generally embeddable groups with first Betti number /Sj^^"* = 0, as well as groups 
obtained from these by taking amalgamated free products over finite subgroups and passing to finite index 
subgroups and finite extensions), V is actually dense in the set of 1-cocycles. Indeed, this is the case if 
all i'^ derivations are inner (i.e., /3j^^(F) = 0). Moreover, it follows from the Meyer- Vietoris exact sequence 
that amalgamated free products over finite subgroups retain the property that V is dense in the space of 
£^ cocycles. Moreover, this property is also clearly preserved by passing to finite-index subgroups and finite 
extensions. So it follows that for such groups F, <5o(F) = P^\r) + P^\t) — 1 (compare [5J). 

It is hkely that the techniques of the present paper could be extended to answer in the affirmative the 
fohowing: 

Conjecture 1. Let T be a group generated by gi, ■ . ■ ,gn and assume that L{T) can be embedded into . 
Let V C £2(r)" be the subspace {{c{gi), . . . ,c(5„)) : c : F -> ^^(r) l-cocycle). Let Py : ^^(F)" V be the 
orthogonal projection, so that Py G M„xn(-R(r)), where R{T) is the von Neumann algebra generated by the 
right regular representation of the group. 

Let A C R{T) be the closure of CF C -R(F) under holomorphic functional calcuclus, and let Pa E A be 
any projection so that Pa < Pv- Then So{T) > TrM„~^„ 'Si T]^(r){Pa)- 
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Note that with the notations of the Conjecture, TrM^^„ ® TR(r){Pv) = /Sf ^(F) - /3^^'(r) + 1 = (5*(r). 

It should be noted that the restriction on the values of the cocycles (CF rather than PT) comes from the 
difficulty in the extending the results of Proposition [T] to the case of non-analytic S (though the term d*d{j) 
continues to be a polynomial even in the case that the cocycle is valued in ^^(r) rather than CF). 

6. Appendix: Otto-Villani type estimates via exponentiation of derivations. 
Let M — W*{Xi, . . . , Xjy), where Xi, . . . , Xn are self-adjoint. 

Let us denote by Q the vector (0, . . . , 0, 1 ® 1, 0, . . . , 0) G [L'^{M, r)'^^]^ (the only non-zero entry is in the 
j-th position) . One can realize a free semicircular family of cardinality N on the space 

fe>i 



using creation and annihilation operators: Si = Li + L* where 

Then for ( e W*{M)(g)W*{M), the notation S*^ makes sense, with S*^, = Si, aS(;b + b* Si^a* = SaCb+b*Ca' and 

II^CI|2=IICI|2. 

Letv4 = Alg(Xi,...,Xjv). 

For a,b £ A and j = 1, . . . , iV let us write 

(a (g) b)#S = aSb. 

With these notations, we have: 

Proposition 2. Let d : A ^ Vq = [W*{M,T)®W*{M,T)f^ C V ^ [L^{M,T)®L^{M,T)f>^ he a deriva- 
tion. We assume that for each j, Q is in the domain of d* :V L'^{M,t) and that d{a*) = (9(a))*, where 
* : L'^{M)®L'^{M) is the involution {a®b)* = b* ® a* . LetSi,S2,--- be semicircular elements, free from M . 
Assume that a(A) d {A® A)®^ and also that d*{l <S) 1) e A. 

Then there exists a one-parameter group at of automorphisms of M * W*{Si, . . . , Sn) ^ M * L{¥n) so 
that A U {Sj : 1 < j < N} are analytic for at and 

^ ^_^at(a) = So(a), Va e A, 

d_ 

di 

In particular, 

at(a)-l = (a-^^5*(9(a)) -f tdia) - ^(1 (g) 9 + 9 (g l)(a(a)) G 7?. 

j 

Proof. Let B be the algebra generated by A and Si, . . . , Sn in M = W* (A, t) * L{¥n)- 

Let Pj : V ^ L'^{A(^A) be the j-th coordinate projection, and let dj : A Ai^ A be given by dj — Pjod. 
Let Vi, . . . , Vn G B he given by 

V, = 9k{Xj)#Sk = Soix,), j^l,...,N. 

k 

Let V/v+i, ■ • ■ , V2N £ B he given by 

Vn+u = -dUl ® 1) = -d*{Ck), k^l,...,N. 

Then (Vi, . . . , V2n) £ B C L'^{B, t) is a non-commutative vector field in the sense of [28]. It is routine to 
check that this vector field is orthogonal to the cyclic gradient space. 

We now use [28j to deduce that there exists a one-parameter automorphism group a* of = W*{B,t) 
with the property that 

'^-M^o) = j = i,...,A^ 



^^at{S,) = -d*iQ), j = l,2,.. 



dt 

j^at{S,) 



t=o 

= VN+k, k = l,...,N, 

t=o 
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and moreover that all elements in B are analytic for at. In particular, we see that 

d 



dt 



— ^d{Xj ) 1 

•1= S{Saix,)) = -d*{d{Xj))-{l(g>d + d(E>l){d{Xj)), 



dt^ 

as claimed. □ 

Example 1. We give three examples in which the automorphisms at can be explicitly constructed. The 
first is the case that Xi, . . . , Xjq is a free semicircular system and d{Xj) = (0, . . . , 1 (g) 1, . . . 0) (i.e., d — (Bdj, 
where dj are the difference quotient derivations of [27]). In this case, the automorphism at is given by 

at{Xj) — {cost)Xj + {sint)Sj, at{Sj) = —{smt)Xj + {cost)Sj. 

Another situation is that of a general TV-tuple Xi, . . . , Xj\j and d an inner derivation given by d{X) = [X, T], 
for [Tjljli = e [MiSiM"]^. Put z = J^Tj^Sj. Then at is an inner automorphism given by 

at{Y) = exp{izt)Y exp{~izt). Lastly, assume that M = Mi * M2 and the derivations dj are determined by 
dj\Mi — 0, dj\M2{^) = i^jTj] for some Tj € M®M°. Then again put z = J^'^j'f^'^j- The automorphism at 
is then given by at{Y) = cxp(izi)y exp(— izt). In particular, at\Mi — id and atlM^ is given by conjugation 
by unitaries enp^izt) which are free from Mi and M2. 

Proposition [2] can be used to give another proof to the Otto-Villani type estimates (Proposition [l]) in the 
case of polynomial coefficients, using the following standard lemma: 



Lemma 11. Let Pt ■ (M^t) — > {M,t) be a one-parameter group of automorphisms so that t o j3t 
Let X £ M be an element so that t i— > f3t{X) is twice- dijferentiable. Finally let Z — ^[3t{X) 



dt- 



t=0 



'Pt{X) 

t=0 

Then one has for 



\mx)-ix+tz)h<jm2. 

Corollary 4. Assume that Xi, . . . ,Xn e A anddi, . . .On ■ A — > A(^A are derivations, so that d* (1(^1) G A. 
Then we have the following estimate for the free Wasserstein distance: 

dw{{Xi, Xn), (Xi + ViJ2dkiXi)#Sk, ...,Xn + VtY,dk{XN)#Sk)) < Ct 

k k 

where C is the constant given by 



c^\{Y.Wd{x 



1/2 

Ml^iA) + m®d + d®l){d{XM\L^(A)<^L^(A)<,^L^^AW^ 



where d: A^ [L'^{A) ® L'^{A)]^ is the derivation d = di ® ■ ■ ■ ® ■ 

Ln the specific case of the difference quotient derivations determined by dk{Xj) = Skjl (X" 1, we have 

dwiiXi, Xn), (Xi + VtSi, ...,Xn + VISn)) < • • -^Xn)'^^. 

Proof. Let at be the one-parameter group of automorphisms as in Proposition [2l We note that 

\ 1/2 

||a^(X,) - (X, + Vt5]9fc(X,)#5fc)||^ < Ct 
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in view of Lemma [TT] and the expression for a'l{Xj). On the other hand, (a^(Xi), . . . ,a^(XN)) has the 
same law as {Xi, . . . , X]y), since is a *-homomorphism. It therefore follows that 

dw{Xi, ...,Xn, [Xi + VtY,dk{Xi)i^Su, . . . , Xjv + ^ 9fc(Xjv)#5fc)) 

k k 

= dw{a^t{Xi), . . . ,a^(Xjv), {Xi + \/t ^ ...,Xn + ViJ2dk{XN)#Sk)) 

k k 
< Ct. 

In the case of the difference quotient derivations, we have: 

^5fc(Xj)#5fe = 5,; + = + 1)(1® 1) = 0; 

k 

d*d{Xj)^d*{i(g)i). 



Thus 



as claimed. □ 
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